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Exercise 1.

Problem
Let (X, Y) be jointly distributed with density

flay) = {x+y ifx,y €[0,1]

0 otherwise.

Find the density of (X2 + Y, Y). Do not forget to mention the support.

Solution
Consider the transformation (X,Y) + (X2 +Y, Y). Let

U=X>+Y, V=Y.

For any realization (u,v) we can solve

Since x,y are uniquely recovered from (u,v), the map is bijective, so we may
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use the Jacobian (change-of-variables) formula. Thus, we have the following

ax 8x 1 1

= ou 90| |2 /i—o 2Ju—-v —  |det]| = 1 .
dy d 2\/u—ov
oy % 0 1
ou dv

Support. Since x,y € [0,1]:

v=y€|0,1], x=vu—-0v€(0,1] = 0<u—-v<1 = ucioov+l].

Density.
1 1 o
i) = £(x(,0), y(0,0) | det | = (Vir=o0) -5 = 3 (14 2= ).
Hence
1 v '
fuv(u,v) = 2 (1+ \/m> ifve0,1]andu € [v, v+1],

0 elsewhere.

Exercise 2.

Problem

If Xq,..., Xjo are iid N(u,0?) where u € R and 0 > 0 are both unknown. Find
a > 0 such that
10

P (—a <EEo a) — 095, wherefi = Xand ¢% = éZ(Xi ~ X2
=l

Your answer should be in terms of F(-), the distribution function of the f
distribution.
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Solution

Since X; i N(u,0?) fori =1,...,10,and # = X, 6> = %z}gl(x,- — X)?, we
know

o2 2 N2 2.2 2 o2 2 96 2
y~N<y,E>, E(Xi—X) I v CHE s O]
1=

Also, since I ~ N(pt, U—é),
V10 % ~ N(0,1).
A t-distribution is the ratio of a standard normal and the square root of an in-

dependent chi-square divided by its degrees of freedom. Since i and 02 are
independent (and hence so are any functions of them), consider

Vol H .
7 — o4 :\/EP‘AP‘NM
97 1 Z
o2 9

We are given

A —

IP(—a§ A <a) — 095 —> P(—a\/ﬁgzga\/@ — 0.95.

Thus

Fo(av/10) — Fo(—a+/10) = 0.95.
Using Fo(—x) =1 — Fo(x),

1.
Fo(av/10) — [1 — Fy(av/10)] = 0.95 = Fy(aV10) = % = 0.975.
Therefore
B Fy 1(0.975)
V10

where Fy~ s the inverse distribution function (quantile function) of t9. Numer-
ically, £y 1(0.975) a2 2.262, so

2262 2.262

~ ~~ ~ (0.7154.
V10 3.1622 0-715
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Exercise 3.

Problem

A branching process has progeny distribution

1
S ifk=0,1,2,34
P(X =k) = {5 '
0

otherwise.

Show that the extinction probability is < 1.

Solution

Mean argument. The expected number of offspring is
< 1
E(X)=) k-P(X=k) = §(0+1+2+3+4) =2.
k=0

Since the expected number of offspring exceeds 1, this guarantees that the ex-
tinction probability is < 1.

Alternative (generating function) argument. Recall that the extinction prob-
ability 0 is the smallest solution in [0,1] of g(t) = t, where g is the progeny
generating function, and ¢(t) = t has at most two solutions in [0,1], one of
which is always t = 1. Here

2(t) :ét"]P(X:k) - % (1+t+2+P+ ).
Setting ¢(t) = t and defining
h(t) = g(t) —t = % (1 —4t+t2+t3+t4> =0 = 1-4+P+B+#=0.
Clearly h(1) = 0 and h(0) = 1. Hence there exists 6 € (0,1) with h(0) = 0.
Since 6 < 1 and 0 is the smallest root of g(t) = t in [0, 1], this 6 is exactly the

extinction probability.

—  extinction probability < 1. |
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Exercise 4.

Problem
If X has N3(u, X) distribution, where

n= and 7 —

LN -
S O =
S N O
W O O

then prove or disprove the statement:

X1+ Xo+ X3 and Xq —2X, + X3 are independent.

Solution
Since X ~ N3(u, %), we have X; ~ N(y;, cTZ.Z) fori =1,2,3, with
IE’(Xl) - 1/ IE'(XZ) - 2/ IE’(X3> - 3/ Var<X1) = 1/ Var(XZ) - 2/ Var(X3) - 3/

and Cov(X;, X;) = 0 for i # j (since X is diagonal).
Let
u=2X;+ X+ Xj, V=X —-2X,+ Xs.

Since U and V are linear combinations of jointly normal random variables,
(U, V) is itself jointly normal; hence U and V are independent iff Cov(U,V) =
0.

COV(U, V) = COV(X1 + Xo+ X3, X1 —2Xo + X3).
Expanding and using Cov(X;, X;) = 0 for i # j:
Cov(U,V) = Var(X;) — 2Var(X;) + Var(X3) =1—-2(2) +3 = 0.

Since Cov(U, V) = 0 and (U, V) is jointly normal, U and V are independent. l
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Exercise 5.

Problem

Let X be any nonnegative random variable with finite third moment (i.e., |E(X?)
is a finite number). Then show that

Ve >0, P(X>¢) <

Solution
Markov’s Inequality. For any nonnegative random variable Y and any a > 0,

E(Y)

P(Y >a) < 1)

Since g(x) = x°

is monotonically increasing for x > 0, and X > 0,
P(X >¢) =P(X3 > ¢%).

Now apply (1) with Y = X% and a = &

P(X®>¢) <

Therefore




	
	
	
	
	

